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A Finite Set Intersection Theorem
P. FRANKL AND I. G. ROSENBERG
Suppose 0"" r < m, and fF is a family of k-subsets of an n-set such that the intersection of any
two different members of fF has cardinality congruent to r (mod m). If k':'!' r (mod m ) then IfFj""n.
The case of equality is also investigated.
1. INTRODUCTION
In this note we prove the following.
THEOREM 1. Let 0~ r < m, 1< k < n be integers, X is an n-element set and~ is a family
of k-subsets ofX. Suppose that for F ¥- F' E ~ we have
IF nF'1 == r (mod m). (1)
If k~ r (mod m) then
1~I~n. (2)
REMARK. The theorem generalizes results of Ryser [5] (there is only one permitted
size for the intersections i.e. m + r > k), of Deza, Erdos and Singhi [2] (r = 0, 2m > k, i.e.
there are two possible intersections 0, m), of Babai and Frankl [1] (r = 0) and of Deza
and Rosenberg [3] (m is a prime).
2. THE PROOF OF THEOREM 1
Let N be the characteristic matrix of the family ~ i.e. N has I~I rows, n columns and
an entry is 1 or 0 accordingly to whether the k-set contains that element or not. Let V
be the vector space spanned by the columns of N. Of course
dim V~n. (3)
As the sum of the column vectors is Vo = (k , k, ... , k), Vo E V. Let us set M = NN t• Then
N is 19F1 by I~I and the entries of M are the cardinalities of the intersections of the
k-subsets of X. On the other hand the columns of M are linear combinations of columns
of N, thus all the column vectors of M are in V.
Let M' be the matrix we obtain from M by subtracting (r/ k )vo from every column
vector. Note that all the column vectors of M' are in V, thus, by (3),
rank (M') ~ dim V ~ n. (4)
Let us count the entry of M' which is in the intersection of the column of F and the
row of F'. It is IF nF'!-(r/k)k = IF nF'!-r.
Thus by (1) all the off-diagonal entries are divisible by m, while we have k - r on the
diagonal.
We know k - r is not divisible by m. Thus we may choose a prime power pd such that
pd divides m, pd-l divides k - r, but v". does not divide k - r. Let us look now at the
determinant of M'. The product of the diagonal entries is divisible by p l"'~- l) but not
by p l9"l(d-l)+l which divides all the other terms of the expansion. Thus the determinant of
M' is not zero. We infer, using (4),
I~I ~ rank(M') ~ n.
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3. THE CASE OF EQUALITY
In this paragraph we prove the following theorem.
THEOREM 2. Let r, m, n, k be as in Theorem 1. Let p be a prime having greater exponent
in the prime factorization of m than in that of k - r.
(a) Suppose r = O. If equality is possible in (2) for some n then it can be attained for
infinitely many values of n.
(b) Suppose r ;;;.1, the exponent of p in r is smaller than in m. For n ;;;. ek 1, equality is
impossible in (2) i.e.
1B"I~n -1. (5)
PROOF, Suppose r = 0 and for some no-set X o and some B" c (~o) we have equality
in (2). It means IB"oI= IXol.
Let now n be a multiple of no, Then it is possible to partition an n-element set X into
the disjoint union of s = n/no sets X h ... , X.. each of cardinality no.
Let B"i be a family of k-subsets of Xi which is isomorphic to B"o. Then for B"=
B"1 U ••• u B"s we have IB"I = slXol = Ixi= n, and B" satisfies (1) which proves (a).
Suppose now r ;;;.1, n ;;;. ek 1, and B" is a family of k-subsets of X satisfying (1). Now if
IB"I;;;. n ;;;. ek 1, then by the Erdos-Rado theorem [4] we can find a k +1-element A-system
among the members of g;, i.e. sets Flo . . . , Fk + l E g;, a set K (called the kernel), such that
F, n Pi =K for 1~ i < j ~ k + 1.
By (1) we have IKI= r (mod m).
LEMMA. For every FEB" we have
IFnK I=r (mod m). (6)
PROOFOF THELEMMA. As IFI = k, it can not have a non-empty intersection with all
the k + 1 pairwise disjoint sets F 1 - K, ... , Fk + l - K. Thus we can find an index j,
1~j~ k + 1, such that F n(Fj-K) = 0. But then we have by (1) IF nKI = IF nFjI=r
(mod m).
Now we continue with the proof of Theorem 2.
Let N' be the incidency matrix of B" u {K}, i.e, N' has IB"I + 1 rows: one for each FEB"
and the last one corresponding to K, and it has n columns: one for every point of X, Thus
the rank of N' is at most n.
Let us set M' = N'N,t. Then M' is a square matrix of size one greater than M. In fact
we can obtain M' from M by adjoining one line and column, containing the values of
IK nFI for FEB".
We state that the determinant of M' is not zero. The value of the determinant stays
unaltered if we subtract the last row from all the others. Let M« be the matrix we obtain
in this way. Not counting the last row and column, the entries of Mo are by (6) congruent
mod m to the corresponding entries of M i.e. the diagonal entries to k - r and the others
to zero. The entries of the last row of M' are congruent to r mod m, while the first IB"I
entries of the last column to 0 mod m. Let d, d' and d" denote the exponent of p 'in m,
k - rand r respectively. As d > d' and d > d" the exponent of p in the product of the
diagonal entries of M' is IBFld' +d" but all the other terms of the expansion of Mo are
di isibl b 1.9'"ld' +d"+l Th d A'" d' isibl b 1.9'"ld+d'+1 I . ,IVISI e y p . us et mo IS not IVISI e y p , consequent y It IS not
zero. We infer !BFI +1 = rank(Mo)= rank(M') = n, i.e, ISiI ~ n -1.
A finite set intersection theorem
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